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Abstract
Let R be a 2-torsion free prime ring containing a non-trivial idempotent and R′ be an
arbitrary ring. Suppose that M : R→ R′ and M∗ : R′ → R are surjective maps such that{
M(xM∗(y)x) = M(x)yM(x),
M∗(yM(x)y) = M∗(y)xM∗(y)
for all x ∈ R, y ∈ R′. Then both M and M∗ are additive. In particular, a bijective map φ :
R→ R′ satisfying φ(xyx) = φ(x)φ(y)φ(x) for all x, y ∈ R is additive.
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LetR andR′ be two rings, and let M : R→ R′ and M∗ : R′ → R be two maps.
Call the ordered pair (M,M∗) an elementary map of R×R′ if{
M(xM∗(y)z) = M(x)yM(z),
M∗(yM(x)u) = M∗(y)xM∗(u)
for all x, z ∈ R, y, u ∈ R′. Call the ordered pair (M,M∗) a Jordan elementary map
of R×R′ if{
M(xM∗(y)x) = M(x)yM(x),
M∗(yM(x)y) = M∗(y)xM∗(y) (∗)
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for all x ∈ R, y ∈ R′. It should be mentioned that these concepts come from the
recent papers [2,3,8], in which the authors introduced and studied linear elementary
maps and linear Jordan elementary maps of algebras. Obviously, if φ : R→ R′ is a
multiplicative bijective map then the pair (φ, φ−1) is an elementary map ofR×R′.
For a, b ∈ R, let Ma,b(x) = axb for x ∈ R. Then clearly (Ma,b,Mb,a) is an elemen-
tary map of R×R. Another example of an elementary map of R×R is a double
centralizer on R if R is faithful [2]. Further, call a map φ : R→ R′ a Jordan triple
map if
φ(xyx) = φ(x)φ(y)φ(x)
for all x, y ∈ R [1]. Then every bijective Jordan triple map φ : R→ R′ gives rise
to a Jordan elementary map (φ, φ−1) of R×R′.
It is an interesting problem to study the interrelation between the multiplicative
and the additive structures of a ring. The first quite surprising result on how the
multiplicative structure of a ring determines its additive structure is due to Martindale
who established a condition on a ringR such that every multiplicative bijective map
on R is additive [6, Theorem]. In particular, every multiplicative bijective map from
a prime ring containing a non-trivial idempotent onto an arbitrary ring is necessarily
additive [6, Corollary]. Recently, we extended Martindale’s results to elementary
maps of rings [4]. The paper [7] described the form of a bijective Jordan triple map
of standard operator algebras on Banach spaces of dimensions at least 3; it turns
out that such a map is additive. As remarked in the end of this reference, it is a
challenging problem to generalize the “additive result” to general rings. The aim
of this note is to investigate this problem. In fact, in a recent paper [5], Lu by an
approach different from that in [7] proved that ifA is a standard operator algebra on
a Banach space of dimension at least 2 andB is an arbitrary algebra, then every bijec-
tive Jordan triple map from A onto B is additive. We will prove that the following
more general result, which not only covers Lu’s result but also answers the problem
of [7].
Theorem 1. Let R be a 2-torsion free prime ring containing a non-trivial idempo-
tent, and let R′ be an arbitrary ring. Suppose that M : R→ R′ and M∗ : R′ →
R are surjective maps such that (∗) holds, that is, the pair (M,M∗) is a Jordan
elementary map of R×R′. Then both M and M∗ are additive.
Note that a ring R is called prime if aRb = 0 implies a = 0 or b = 0, and 2-
torsion free if 2a = 0 implies a = 0.
In what follows, let us fix a non-trivial idempotent e1 of R and formally set e2 =
1− e1 (R need not have an identity element). Put Rij = eiRej , i, j = 1, 2. Then
we may write R = R11 ⊕R12 ⊕R21 ⊕R22 which is the Peirce decomposition of
R. The notation aij will denote an arbitrary element of Rij . It should be mentioned
that this idea is from Martindale [6].
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For clarity of exposition, we shall organize the proof of Theorem 1 in a series of
lemmas.
Lemma 1. M(0) = 0 and M∗(0) = 0.
Proof. M(0) = M(0M∗(0)0) = M(0)0M(0) = 0. Similarly M∗(0) = 0. 
Lemma 2. For a ∈ R and i, j = 1, 2, we have
(i) if xij axij = 0 for all xij then ej aei = 0;
(ii) if eiaeiR(1− ei) = 0 then eiaei = 0.
Proof. (i) We only give the proof for the case that i = 2 and j = 1, and for the other
cases the proofs go similarly. For any x21, y21 and z21, we have x21ay21 + y21ax21 =
0 since (x21 + y21)a(x21 + y21) = 0. Thus we get
(x21ay21)az21 = −y21a(x21az21) = (y21az21)ax21 = −x21ay21az21.
Noting that R is 2-torsion free, we have x21ay21az21 = 0, which means x21ae2
Re1az21 = 0. It follows immediately that e2Re1ae2 = 0 or e1ae2Re1 = 0 since
R is prime. Moreover, if e1ae2Re1 = 0 then clearly e1ae2 = 0. In the case that
e2Re1ae2 = 0, it is worth noticing that e2 does not necessarily belong to R. But
since e1 is non-trivial, there exists an element t ∈ R such that t /= e1t or t /= te1.
Then from e2tRe1ae2 = 0 or te2Re1ae2 = 0 we get e1ae2 = 0, as desired.
(ii) The proof is similar to that in the last part of (i). 
Lemma 3. Both M and M∗ are bijective.
Proof. It suffices to prove that M and M∗ are injective. First show that M is injec-
tive. Let a, b ∈ R and suppose M(a) = M(b). For every xij where i, j = 1, 2, by
surjectivity of M∗ there is y ∈ R′ such that M∗(y) = xij and we have by (∗)
xij axij = M∗(yM(a)y) = M∗(yM(b)y) = xij bxij .
It follows from Lemma 2(i) that ej aei = ej bei and hence a = b.
Now we turn to proving the injectivity of M∗. Let u, v ∈ R′ such that M∗(u) =
M∗(v). For every xij where i, j = 1, 2, since M∗M is also surjective we can choose
s ∈ R such that M∗M(s) = xij . Then
xijM
−1(u)xij=M∗(M(s)MM−1(u)M(s))
=M∗(M(s)uM(s)) = M∗M(sM∗(u)s)
=M∗M(sM∗(v)s) = xijM−1(v)xij .
By Lemma 2(i) again we get ejM−1(u)ei = ejM−1(v)ei and so u = v. 
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Lemma 4. The pair (M∗−1 ,M−1) is a Jordan elementary map of R×R′, that is,
the maps M∗−1 : R→ R′ and M−1 : R′ → R satisfy{
M∗−1(xM−1(y)x) = M∗−1(x)yM∗−1(x),
M−1(yM∗−1(x)y) = M−1(y)xM−1(y)
for all x ∈ R, y ∈ R′.
Proof. The first equality can follow from
M∗(M∗−1(x)yM∗−1(x))=M∗(M∗−1(x)MM−1(y)M∗−1(x))
=xM−1(y)x,
and the second equality follows in a similar way. 
Lemma 5. Let s, a, b ∈ R such that M(s) = M(a)+M(b). Then
M∗−1(xsx) = M∗−1(xax)+M∗−1(xbx), x ∈ R.
Proof. For x ∈ R, using Lemma 4 we have
M∗−1(xsx)=M∗−1(xM−1M(s)x) = M∗−1(x)M(s)M∗−1(x)
=M∗−1(x)(M(a)+M(b))M∗−1(x)
=M∗−1(x)M(a)M∗−1(x)+M∗−1(x)M(b)M∗−1(x)
=M∗−1(xax)+M∗−1(xbx),
as desired. 
Lemma 6. We have
(i) M(a11 + a12 + a21 + a22) = M(a11)+M(a12)+M(a21)+M(a22);
(ii) M∗−1(a11 + a12 + a21 + a22) = M∗−1(a11) + M∗−1(a12) + M∗−1(a21) +
M∗−1(a22).
Proof. (i) By the surjectivity of M , there exists s ∈ R such that
M(s) = M(a11)+M(a12)+M(a21)+M(a22).
For arbitrary xij where i, j = 1, 2, from Lemmas 1 and 5 we see that
M∗−1(xij sxij )=M∗−1(xij a11xij )+M∗−1(xij a12xij )
+M∗−1(xij a21xij )+M∗−1(xij a22xij )
=M∗−1(xij ajixij ).
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So xij sxij = xij ajixij . From Lemma 2(i) we obtain ej sei = aji for all i, j , and
hence s = a11 + a12 + a21 + a22.
(ii) Lemma 4 tells us that the pair (M∗−1 ,M−1) is also a Jordan elementary map
of R×R′. Therefore (ii) holds. 
Lemma 7. The following are true:
(i) M(a12 + b12a22) = M(a12)+M(b12a22);
(ii) M(a21 + a22b21) = M(a21)+M(a22b21);
(iii) M∗−1(a12 + b12a22) = M∗−1(a12)+M∗−1(b12a22);
(iv) M∗−1(a21 + a22b21) = M∗−1(a21)+M∗−1(a22b21).
Proof. A simple computation gives
e1 + a12 + b12a22 = (e1 + a12 + a22)(e1 + b12)(e1 + a12 + a22).
Applying Lemma 6 we have
M(e1)+M(a12 + b12a22)
= M(e1 + a12 + b12a22)
= M((e1 + a12 + a22)(e1 + b12)(e1 + a12 + a22))
= M((e1 + a12 + a22)M∗M∗−1(e1 + b12)(e1 + a12 + a22))
= M(e1 + a12 + a22)M∗−1(e1 + b12)M(e1 + a12 + a22)
= M(e1 + a12 + a22)
(
M∗−1(e1)+M∗−1(b12)
)
M(e1 + a12 + a22)
= M(e1 + a12 + a22)M∗−1(e1)M(e1 + a12 + a22)
+M(e1 + a12 + a22)M∗−1(b12)M(e1 + a12 + a22)
= M((e1 + a12 + a22)e1(e1 + a12 + a22))
+M((e1 + a12 + a22)b12(e1 + a12 + a22))
= M(e1 + a12)+M(b12a22)
= M(e1)+M(a12)+M(b12a22).
Then these equations imply that (i) holds.
Observing that
e1 + a21 + a22b21 = (e1 + a21 + a22)(e1 + b21)(e1 + a21 + a22),
one can prove (ii) similarly.
Taking into account Lemma 4, (i) and (ii) are still true when M is replaced by
M∗−1 , that is (iii) and (iv) hold. 
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Lemma 8. The following are true:
(i) M(a12 + b12) = M(a12)+M(b12);
(ii) M(a21 + b21) = M(a21)+M(b21);
(iii) M∗−1(a12 + b12) = M∗−1(a12)+M∗−1(b12);
(iv) M∗−1(a21 + b21) = M∗−1(a21)+M∗−1(b21).
Proof. By Lemma 4 we only need to prove (i) and (ii).
(i) Suppose s = s11 + s12 + s21 + s22 ∈ R satisfies M(s) = M(a12)+M(b12).
For any xij where i /= 2 or j /= 1, by Lemma 5 we get
M∗−1(xij sxij ) = M∗−1(xij a12xij )+M∗−1(xij b12xij ) = 0.
It follows that xij sxij = 0, which implies s11 = s21 = s22 = 0 by Lemma 2(i). Hence
s = s12.
For any x21, applying Lemmas 5 and 7(iv) we have
M∗−1(x21sx21)=M∗−1(x21a12x21)+M∗−1(x21b12x21)
=M∗−1(x21(a12 + b12)x21),
yielding that x21sx21 = x21(a12 + b12)x21. It follows immediately from Lemma 2(i)
that s12 = a12 + b12. This proves (i).
(ii) It can be proved similarly by applying Lemmas 2(i), 5 and 7(iii). 
Lemma 9. M(a11a12) = M(e1)M∗−1(a11)M(a12)+M(a12)M∗−1(a11)M(e1).
Proof. For any x12, from Lemmas 1 and 6 it follows that
M(a11)+M(a11a12)
= M(a11 + a11a12)
= M((e1 + a12)a11(e1 + a12))
= M(e1 + a12)M∗−1(a11)M(e1 + a12)
= (M(e1)+M(a12))M∗−1(a11)(M(e1)+M(a12))
= M(e1)M∗−1(a11)M(e1)+M(e1)M∗−1(a11)M(a12)
+M(a12)M∗−1(a11)M(e1)+M(a12)M∗−1(a11)M(a12)
= M(e1a11e1)+M(e1)M∗−1(a11)M(a12)
+M(a12)M∗−1(a11)M(e1)+M(a12a11a12)
= M(a11)+M(e1)M∗−1(a11)M(a12)+M(a12)M∗−1(a11)M(e1).
Therefore the desired equality holds. 
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Lemma 10. M(a11 + b11) = M(a11)+M(b11).
Proof. Let s = s11 + s12 + s21 + s22 ∈ R such that M(s) = M(a11)+M(b11). It
is easily seen that s12 = s21 = s22 = 0 in a similar way as in the proof of Lemma 8
and so s = s11. Also, we have by Lemma 5
M∗−1(s11)=M∗−1(e1se1) = M∗−1(e1a11e1)+M∗−1(e1b11e1)
=M∗−1(a11)+M∗−1(b11).
Thus, for every x12, applying Lemmas 8(i) and 9 we get
M(s11x12) =M(e1)M∗−1(s11)M(x12)+M(x12)M∗−1(s11)M(e1)
=M(e1)
(
M∗−1(a11)+M∗−1(b11)
)
M(x12)
+M(x12)
(
M∗−1(a11)+M∗−1(b11)
)
M(e1)
=M(e1)M∗−1(a11)M(x12)+M(x12)M∗−1(a11)M(e1)
+M(e1)M∗−1(b11)M(x12)+M(x12)M∗−1(b11)M(e1)
=M(a11x12)+M(b11x12)
=M((a11 + b11)x12),
which implies s11x12 = (a11 + b11)x12. Then s11 = a11 + b11 by Lemma 2(ii), and
the proof is complete. 
Lemma 11. M(a22 + b22) = M(a22)+M(b22).
Proof. Let s = s11 + s12 + s21 + s22 ∈ R such that M(s) = M(a22)+M(b22).
Then s11 = s12 = s21 = 0 and hence s = s22. Let x22, x12 and y21 be arbitrary. Using
Lemmas 5, 6 and 10, we obtain
M(x12x22s22x22y21)
= M((x12 + y21)x22s22x22(x12 + y21))
= M(x12 + y21)M∗−1(x22s22x22)M(x12 + y21)
= M(x12 + y21)
(
M∗−1(x22a22x22)+M∗−1(x22b22x22)
)
M(x12 + y21)
= M(x12 + y21)M∗−1(x22a22x22)M(x12 + y21)
+M(x12 + y21)M∗−1(x22b22x22)M(x12 + y21)
= M((x12 + y21)x22a22x22(x12 + y21))
+M((x12 + y21)x22b22x22(x12 + y21))
= M(x12x22a22x22y21)+M(x12x22b22x22y21)
= M(x12x22a22x22y21 + x12x22b22x22y21).
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These equations show that x12x22(s22 − a22 − b22)x22y21 = 0. Since R is a prime
ring, we have x22(s22 − a22 − b22)x22 = 0. Then it follows from Lemma 2(i) that
s22 = a22 + b22, completing the proof. 
Now we are in a position to prove our main result.
Proof of Theorem 1. To prove that M is additive on R, let a, b ∈ R and write a =
a11 + a12 + a21 + a22, b = b11 + b12 + b21 + b22. Then making use of Lemmas 6,
8(i)–(ii), 10 and 11, we get
M(a + b)
= M(a11 + a12 + a21 + a22 + b11 + b12 + b21 + b22)
= M(a11 + b11)+M(a12 + b12)+M(a21 + b21)+M(a22 + b22)
= M(a11)+M(b11)+M(a12)+M(b12)
+M(a21)+M(b21)+M(a22)+M(b22)
= M(a)+M(b),
as desired.
Now let us show that M∗ is additive on R′. Let u, v ∈ R′. For every xij where
i, j = 1, 2, by using the additivity of M we have
M
(
xij (M
∗(u)+M∗(v))xij
) =M(xijM∗(u)xij )+M(xijM∗(v)xij )
=M(xij )uM(xij )+M(xij )vM(xij )
=M(xij )(u+ v)M(xij )
=M(xijM∗(u+ v)xij ).
It follows that xij (M∗(u+ v)−M∗(u)−M∗(v))xij = 0, which implies
ej (M
∗(u+ v)−M∗(u)−M∗(v))ei = 0, i, j = 1, 2,
because of Lemma 2(i). Therefore M∗(u+ v) = M∗(u)+M∗(v). This completes
the proof. 
As remarked early, if φ is a bijective Jordan triple map from a ring R onto a ring
R′, then the pair (φ, φ−1) is a Jordan elementary map of R×R′. Thus Theorem 1
has the following corollary, which gives an answer for the problem of Molnár in [7].
Corollary 1. Let R be a 2-torsion free prime ring containing a non-trivial idempo-
tent andR′ be an arbitrary ring. Then every bijective Jordan triple map fromR onto
R′ is additive.
We shall conclude by giving an application of Theorem 1 in operator algebras. Let
X be a Banach space. By B(X) we denote the algebra of all bounded linear operators
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on X. A subalgebra of B(X) is called a standard operator algebra if it contains all
finite rank operators. It is an easy consequence of the Hahn–Banach theorem that
every standard operator algebra is a 2-torsion free prime ring. If dimX  2, then
clearly there exists a non-trivial idempotent operator of rank 1. Therefore, we can
recapture the following result of Lu in [5].
Corollary 2. Let X be a Banach space with dimX  2,A be a standard operator
algebra on X andB be an arbitrary algebra. Then every bijective Jordan triple map
from A onto B is additive.
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